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Abstract: An explicit formula is derived for har-
monic distortion as a function of the capacitance
nonlinearities and of the transfer function of the
same filter implemented with linear capacitors.
Application of the proposed formula to SC filters
with capacitors implemented by MOSFET gates
shows that harmonic distortions as low as —40 to
—60 dB can be obtained.

1 Introduction

Switched capacitor filters have been extensively employed
in practical analogue integrated circuit implementations
for the past decade [1]. Presently, several complex
mixed-mode circuits have their analogue parts imple-
mented using switched capacitor circuits [2-5]. Never-
theless, the use of linear analogue circuits in systems that
are predominantly digital imposes special challenges
owing to the nonlinear nature of the capacitors available
in VLSL

Usually, the nonlinear problems have been overcome
by utilising nonstandard MOS processes, the most
typical solution being the inclusion of a second poly-
silicon layer (double-poly processes). Though this solu-
tion has enabled the design of linear switched capacitor
filters with performances rarely matched by other types
of integrated analogue circuit implementations, the corre-
sponding cost increase still remains a drawback to be
eliminated or, at least, minimised.

A good measure of the impact of this drawback is the
recent appearance of new analogue systems design tech-
niques compatible with standard digital prcesses. One
such technique is the switched current (SI) approach [6,
7]. Obviously, the shift towards a new type of circuit is
always accompanied by new design issues. For example,
SI filters require a linear voltage-to-current converter at
their input.

Recently, a new approach has been proposed [8] for
the design of SC filters integrated in standard digital pro-
cesses. The filter is designed using traditional SC design
techniques and the capacitors are implemented by the
nonlinear MOS gate structure biased in the accumulation
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region. Nevertheless, a proper evaluation of this possi-
bility depends on the determination of the output harmo-
nic distortion of an SC filter.

Circuits with weak nonlinearities can be analysed
using Volterra series techniques [9, 10]. Such methods,
however precise, usually generate quite complex mathe-
matical expressions and therefore must be implemented
in numerical [11] or symbolic simulators [12]. Hence,
closed-form expressions for distortion would serve as
important guidelines for circuit designers. This paper uses
the method of small perturbations [13] to determine
explicit expressions for harmonic distortion in SC filters
owing to the use of weakly nonlinear capacitors.

2 Transistor-only switched capacitor filters

The use of the MOS structure in accumulation or strong
inversion to realise onchip capacitors [8] requires a suit-
able circuit arrangement to provide the necessary plate
bias. The required bias can be accomplished by biasing
either all the bottom plates or all the top plates to a DC
reference voltage, say Vy.

Fig. 1 shows two possible biasing arrangements for a
lossy integrator circuit. In Fig. la the proper biasing is
provided to the capacitor plates connected to voltage
sources [8]. Analysis of this circuit shows that

C,
.~ BE—
(Ci+Cy)—Ciz7! @

C,
——— VE
(Ci+Cy)—Cyz7! )
(Ca + Cy)z™ '
(Ci+C3y)—Cyzt

where the variables V(z) are the z-transforms of the
signals sampled at the even or odd clock phases. For a
constant reference voltage Vg, Vi(z) = Va/(l — z7!) and
Voz) = Vez~2/(1 — z~1). Then, for v;=0 and z=1
(DC), V1) = Vi. This clearly guarantees the proper
biasing for C, and C;.

In the arrangement of Fig. 1b the operational amplifier
must admit a common-mode input voltage equal to V.

Vi) =

Vi) O]
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On the other hand, the same reasoning shows that the
DC steady-state output voltage V, is equal to zero, maxi-
mising the available voltage swing.
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Fig. 1 Two bias schemes for lossy SC integrator

a Source bias
b Amplifier bias

b

3 Analysis of SC filters implemented with
nonlinear capacitors

The main sources of harmonic distortion in SC filters are
the capacitor nonlinearity, the op-amp gain nonlinearity
and finite slew-rate, and the charge injection by the
switches [11, 13]. The objective of this work is to evalu-
ate the possibility of SC filter implementations using non-
linear capacitors. Thus, the following analysis considers
SC networks implemented with ideal op-amps and
switches. It is also assumed that the same function f[v]
can be used to model the nonlinearities of all capacitors
in the network [13, 14]. This condition can be accurately
fulfilled in an integrated circuit. Hence, the charge stored
at time ¢t = nT in a capacitor C, with a voltage v(nT)
across its terminals is

4a = C,0nT) = C 4o f[v(nT)]Je(nT) ¢
where C,, is the capacitance value for a signal voltage
equal to zero. To avoid cumbersome notations, the fol-
lowing development is presented for a second-order SC
network. In the network shown in Fig. 2, the capacitor
plates have been biased using the scheme presented in
Fig. 1b. Writing the charge conservation equations
around the DC operating point and expressing the
capacitance charges as in eqn. 2 yields, at t = nT (even
phase),

—Cyo f0(nT ~ T/2)]o,(nT — T/2)
—C 40 f[os(nT — T)Joy(nT —'T)

= — Cgo fIv5(nT)]v,(nT)
+ Cpo f[v,(nT — T)Jv,(nT — T) (3a)
Ceo f[02(nT)]oy(nT) + Cpo f[v3(nT)]va(nT)
= — Cpo f[v3(nT)]vs(nT)
+ Cpo fLvs(nT — TYos(nT — T) (3b)

In the general case, this is a system of nonlinear equa-
tions on the node voltages. However, performing the
change of variable [14]

Slod- o) = ul-) @

506

the system of eqn. 3 is transformed into a set of linear
equations on the variables uy-), as follows:

—Cjoty(nT — T/2) — Cyouus(nT — T)

= —Cpotus(nT) + Cyou,(nT — T) (5a)
Ccotz(nT) + Crous(nT)
= —Cpous(nT) + Cpous(nT — T) (5b)

Applying the z-transform to both equations and solving
for the transform U¢(z) of the output variable yields the
transfer function
Ui
Ui

H(z) =

_ —CroCcoz”*?
Cpo(Cro + Cpo) +(C 40 Ceo
—2CoCpo — CoCro)z ™' + CpoCoz 2
This expression is exactly the same as the transfer func-
tion H(z) = V§(z)/V(z) of the same network implemented
with linear capacitors.
These results can be extended to all SC networks
satisfying the following conditions [14]:

6

Condition 1: after the settling time corresponding to each
clock phase, the voltage across any capacitor must
depend only on a single node voltage.

Condition 2: all capacitors connected to the same
op-amp output must present identical nonlinearities
expressed by the function f(v,), v, the voltage at the
op-amp output node.

Hence, for an Nth-order filter, eqn. 6 assumes, aside
from a possible half-period delay, the general form

N

S nz?

Uau i=
{2) _ Nx 0

Ydz!
i=1

4 Harmonic distortion due to capacitor
nonlinearities

Hu(z) = U (Z) -

Now determine the output harmonic distortion for the
practical case of networks implemented with weakly non-
linear capacitors. To this end, study the time-domain
behaviour of SC networks satisfying the aforementioned
topological constraints. According to eqns. 4 and 7, the
voltage nonlinear difference equation describing an SC
network is

S d, f[0unlnT — iT)]ooudnT — iT)
i=1

= inif [omnT — iT)]oynT — iT) ®)
i=1

To determine the output voltage harmonic distortion,
eqn. 8 must be solved for an input signal v, (nT) =
V,, cos (wenT). Considering weak nonlinearities, the fol-
lowing simplifying assumptions can be made [13]:

(i) The nonlinear function f[v] can be described by a
Taylor series, i.e.

fIl=1+ Yot )
i=1

(ii) The terms of the series expansion responsible for
the nonlinearities satisfy

Ylw <l (10)
=1
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for both the input and output voltages. Under this
assumption, the fundamental frequency component at the
output ¥; cos (wonT + ¢,) can be approximated by the
output of the ideal linear circuit. Hence

Vi = V| H(™T)| ¢, = phase of H(e/*T) 1

(iii) The nonlinear terms oy[v,,(nT — iT)]'*! in eqn. 8
can be approximated by substituting v,,, for the ideal
linear circuit output voltage:

o Viti[cos (mwo T —iwo T + ¢,)1'*! (12)

Substituting eqns. 9, 11 and 12 into eqn. 8 leads, after
some algebraic manipulations (Appendix 8.1), to the
expression for the output distortion owing to the usually
dominant [11, 13, 15] 2nd harmonic:

H( ezjon)
|H™T)|

H2(el*oT)

| He™T)|?
(13)

where a,(V) is a nonlinear function defined (Appendix

82) by
V(2 V3 /4
a0 =57 (0)+ 5 (1)

+a5V5 6) ,
2 \2)"

5 Experimental verification

V;
HD, = 32 =ay(¥) a,(V1)
1

(14

The second-order lowpass SC network of Fig. 2 has been
implemented as a discrete prototype. As nonlinear capa-

i
[ 1
Cg

_0 i_l_/eJ Ce

only the second harmonic has been detectable (above
—80 dB). Hence, the theoretical results have been deter-
mined from eqn. 13, with ay(V)~ 120,V, «, =
0.0045V ~1, determined as in Reference 15. In this case,
eqn. 13 reduces to the simple form:

H(eZJmoT) _ HZ(ejmoT)
2H(e?>°T)
Fig. 4 presents both the theoretical and experimental har-

monic distortions at the inverting and noninvertipg
outputs. The same prototype has also been built with

HD, ~a,V, 8]
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Fig. 3  Theoretical responses of example filter of Fig. 2
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Fig. 2 Prototype SC biquad

citors, the capacitances from gate to short-circuited
source and drain terminals of well-matched Motorola
P5N40 power transistors have been used. A reference
voltage Vz= —4V has been employed to obtain a
voltage capacitance coefficient similar to that of an inte-
grated gate capacitor, inside an n-well and biased in
accumulation with Vg =25V [15] . uA741 amplifiers
and CD4066 analogue switches have been used.

To determine the distortion at the inverting (V;) and
noninverting (V,) output nodes, the transfer functions
have been evaluated using the nominal capacitance
values, yielding

_ —0.08333 i

Hol) = 33333205, 17227 (13)
_ -1

H, (o) — 033333 — 0252 s 9

1.33333 —2.25z7 1 + 272

The magnitudes and phases of the corresponding fre-
quency responses are shown in Fig. 3. In the experiments,
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noninverting output ¥,
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Fig. 4  Second-order harmonic distortion of example filter of Fig. 2 as

Junction of input frequency

Va=—4V;V, =3V, T™! = 20kHz
theoretical at inverting output ¥,
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linear capacitors. The distortion measured in this case
was at least 20 dB below the distortions in Fig. 4. This
indicates that the effects depicted in Fig. 4 have indeed
been caused mainly by the capacitance nonlinearities and
not by the switches or operational amplifiers. An inter-
esting point to be observed is that the noninverting
output presents a distortion substantially smaller than
the inverting one. This is explained by the fact that, for
the noninverting output, H(e’2*°T) ~ H(e#**T) ~ 1 for w,
close to zero and therefore from eqn. 17, HD, ~ 0.

6 Conclusions

An explicit formula for the harmonic distortion due to
weak nonlinearities of the capacitors in SC filters has
been presented. It has been shown that the harmonic dis-
tortion is predictable from the knowledge of the capac-
itance nonlinearities and from the transfer function of the
same filter implemented with linear capacitors. Unlike
numerical methods, this formula provides direct informa-
tion about harmonics as a function of the frequency.
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8 Appendix

8.1 Derivation of harmonic distortion
Substituting eqn. 9 into eqn. 8 and rearranging conve-
niently the terms yields
N
N div,,(nT —iT)
i=1

o ok Y(nT —iT)

s

N N

= _Z o nT —iT) + _z n;
i=1 . i=1 1
—_ ;

=1

1

d; Y oy vh'(nT —iT) (18)
=t

If assumption (iii) holds, and V,(nT) = V,, cos (wonT),
eqn. 18 can be approximated by

N
Y d; 0o (nT — iT)
=t N N ©
~ Y nV,cos(nwe T —iweT)+ > mV, Y oy Vh,
i=1 i=1 =1

N ao
x [cos (nwo T — iwy TN} — Y diV, Y o VY
i<t i=1

x [cos (nwy T — iwg T + ¢+ (19)

where V, ~ V,,|H(e’*T)| and ¢, ~ phase of H(e/*°").
Substituting the sums of the powers of the cosine func-
tions in eqn. 19 by their Fourier expansions (Appendix
8.2) and rearranging the terms yields

N

Z di vout(nT - IT)

i=1

N N
~ Voag(V) Yon + Vi, 3. m; cos (nwy T — iy T)
i=1 i=1
N
+ Vyay (Vo) Y n; cos (nwo T — icwg T)
i=1
N
+ V,ay (V) Y. n; cos 2nawy T — 2iw T)
i=1
N
+ Va3V, 3 n; cos Bnwe T — 3iwe T) + -+
i=1

N N

— Nae(W) Z d; — Vja,(Vy) Zldi
i=1 i=
x cos (nwo T + ¢, — iwy T)

N
- VlaZ(V‘).Zld" cos 2nwo T + 2¢, — 2iw, T)

N
— V,aa(Vl)_thzli cos 3nwy T + 3¢, — 3iwe T)

.. (20)

Substituting the Fourier series expansion of v,,(nT) in
the form

boulnT) = 3. ¥, cos (knaoo T + ¢) @n
k=0

into eqn. 20, the linear difference equation for the second
harmonic is derived:

N
VY, d, cos 2nwo T — 2iwe T + )
i=1
N
= V,a,(V) ¥ n; cos 2nw, T — 2iw, T)
i=1
N
— Via,(V;) Y. d; cos 2nwe T + 26, — 2i0, T) (22)
i=1
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Writing the cosine functions in exponential form and
using the transfer function definition of the network with
linear capacitors, yields:

V22 =V, ay(V,)H(e”2*°T) — V,ay(Vy)e’2*
H(eijoT) HZ(ejmoT) }
| H(e™°T)| [H(e™T) 2
23
Provided that the hypotheses made in Sections 3 and 4
remain valid, an expression for the 3rd harmonic can be

obtained following the same procedure, using the corre-
sponding difference equation from eqn. 20. Hence,

H(ejSmuT) H3(eion)
i@~ =M e

with a,(V) given by eqn. 29 (Appendix 8.2).

=N {az( V) —ay(V)

HD3 = ay(V, 249

8.2 Derivation of Fourier coefficients for expression
eqn. 19
The Fourier Series expansion of

5= Y o Vcos 6)'*! 25
=)
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can be obtained by writing (cos 6)'*! as (¢ + e )i+
2'*! and substituting it in eqn. 25 by its binomial expan-
sion

1+1
(COS 01+1 — 211+1 Z (I;1>ejo(2m—l—l) (26)
m=0
leading to
© o Vl I+1 I+1 . L
S=% 51 L ( m )e""“ o @)
=1 m=0

Since S is an even and periodic function of 6, it can be
expressed as

©

S =Y ayV) cos (k) (28)
k=0
From eqn. 27, the magnitude of the second harmonic of
S, ax(V), can be readily identified as the one presented in
eqn. 14. In general, the magnitude of the kth harmonic of
S can be written as

< Ogex-3f2+k—2 -
an =5 B (M T e k2 o9
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